PRODUCTS OF BLOCK TOEPLITZ OPERATORS 



CAIXING GU AND DECHAO ZHENG 

Abstract. In this paper we characterize when the product of two block Toeplitz 
operators is a compact perturbation of a block Toeplitz operator on the Hardy space 
of the open unit disk. Necessary and sufficient conditions are given for the commutator 
of two block Toeplitz operators to be compact. 



1. Introduction 

Let D be the open unit disk in the complex plane and dD the unit circle. Let 
da(w) be the normalized Lebesgue measure on the unit circle. We denote by L 2 (C n ) 
[L 2 for n = l) the space of C" 1 - valued Lebesgue square integrable functions on the unit 
circle. The Hardy space H 2 (C n ) (H 2 for n— 1) is the closed linear span of C"-valued 
analytic polynomials. We observe that L 2 (C n ) = L 2 ®C n and H 2 (C n ) = H 2 <g> C n , 
where £g> denotes the Hilbert space tensor product. Let M nxn be the set of n x n 
complex matrices. L™ xn denotes the space of M nxn -valued essentially bounded Lebesgue 
measurable functions on the unit circle and H^ xn denotes the space of M nxn -valued 
essentially bounded analytic functions in the disk. 

Let P be the projection of L 2 (C n ) onto H 2 (C n ). For F e L™ xn , the block Toeplitz 
operator T F : H 2 (C n ) -> H 2 (C n ) with symbol F is defined by the rule T F h = P(Fh). The 
Hankel operator H F : H 2 (C n ) -> L 2 (C n ) Q H 2 (C n ) with symbol F is defined by H F h = 
(I — P)(Fh). The block Toeplitz operator T F has the following matrix representation: 

A A-i A_ 2 ••• 
A x A A_x ■■■ 
A 2 Ax A ■■■ 



where Ai belongs to M nxn . The word "block" refers to the fact that in the above matrix 
representation the entries are not scalars but linear transformations on C n . In this paper 
the word "block" will often be omitted. For more details on the block Toeplitz operators 
and Hankel operators, see [7], [9] and [3]. 
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If we set H 2 (C n ) = H 2 © ... ®H 2 , then we see that the Toeplitz operator T F has the 
form 



T fll T fl2 



T 



/21 1 hi 



rp rp 
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T fln 
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and the Hankel operator H F has the form 



where 
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Thus as in the scalar case, the block Toeplitz operators and Hankel operators are 
connected by the following important relation: 

FG J- F-L G — f* G- 

The map £ : F — >Tf, which is called the Toeplitz quantization, carries L^ xn into the 
C*— algebra of bounded operators on H 2 (C n ). It is a contractive *-linear mapping [7]. 
However it is not multiplicative in general. Indeed Brown and Halmos [4] showed that 
for scalar functions / and g, TfT g — Tf g if and only either /* or g is in H°°. It is not 
difficult to see that in the matrix case T F T G = T FG still holds if either F* or G is in 
H^ xn . But the converse is not valid in the matrix case. We will characterize F and G 
such that TpT G = Tfg] see Theorem 6 below for details. On the other hand, Douglas 
[7] showed that £ is actually a cross section for a *-homomorphism from the Toeplitz 
algebra, the C*— algebra generated by all bounded Toeplitz operators on H 2 (C n ), onto 
L^ xn . So modulo the commutator ideal of the Toeplitz algebra, £ is multiplicative. 

The main question to be considered in this paper is when the product of two Toeplitz 
operators is a compact perturbation of a Toeplitz operator. This problem is connected 
with the spectral theory of Toeplitz operators; see [7], [9] and [3]. It follows from a 
theorem of Douglas [7] that T F T G can be a compact perturbation of a Toeplitz operator 
only when it is a compact perturbation of Tfg- Thus it suffices to study when the semi- 
commutator Tfg — TfTq is compact. When F — f and G = g are scalar functions, the 
problem was solved by Axler, Chang, and Sarason [2] and Volberg [14]. Their beautiful 
result is that T fg -T f T g is compact if and only if H°°[f] f| H°°[g] C H°° + C(dD); here 
H°°[g] denotes the closed subalgebra of L°° generated by H°° and g. 
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Recently, Zheng [15] proved that Tj g — TfT g is compact if and only if 

lirn \\Hfk z \\ 2 \\Hgk z \\2 = 0; 

here k z denotes the normalized reproducing kernel in H 2 for point evaluation at z. If we 
write / = /+ + /_ for each / G L°° where / + and /_ are in H 2 , then the above condition 
is equivalent to 

Ijm \U-U(z)\ 2 (z)\g--g-(z)\ 2 (z)=0, 

\z\— >1 

where h(z) denotes the harmonic extension of h at z G D for h G L 1 , via the Poisson 
integral 

h(z)= [ h(w) \]~^% a(w). 

J 3D \i—WZ\ 

For the block Toeplitz operators, we will show that T FG — T F T G is compact if and 
only if 

lirn || [\(F + Y - (F + Y( Z )\ 2 ( Z )YI 2 [\G- - G-{z)\\z)Y' 2 \\ = 0, 

|z|->l 

where we write F— (fij) n xn asF = F + + F_ with F + = ((fij) + ) nxn and F_ = ((fij)_) n xn, 
and 

H(z) = {hij{z)) nxn 

if H = (hij) nxn . For a matrix A, we define \A\ 2 = AA*. Several other equivalent condi- 
tions, in particular a condition in the spirit of the result of Axler, Chang, and Sarason 
[2] and Volberg [14], will be given. 

In [11] Gorkin and Zheng characterized when the commutator TfT g — T g Tf is compact 
for scalar functions / and g. In this paper, by considering block Toeplitz operators, we 
will give an unified approach for the study of compactness of boths semi-commutators 
and commutators. Namely, by a theorem of Douglas [7], we have that the commutator 
T F T G — T G T F of block Toeplitz operators T F and T G is compact if and only if FG = GF 
and the semi-commutator T BC — T B T G is compact, where 

G " 
F J ' 

see Theorem 7 below for details. Thus we will show the commutator T F T G — T G T F is 
compact if and only if FG = GF and 

\(F + r-(F + y(z)\ 2 (z) -(((F + y-(F + y(z))(G + -G + (z)))(z) 
-(((G + y-(G + y(z))(F + -F + (z)))(z) \(G + y-(G + y(z)\ 2 (z) 



\G--G-(z)\ 2 (z) ((G_-G_(z))((F_)*-(F_)*(z)))(z) 
((F_-F_(z))((G-)*-(G-y(z)))(z) \F_-F_(z)\ 2 (z) 




B = 



F -G 




C = 
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2. A NECESSARY CONDITION FOR COMPACTNESS 



In this section we will obtain a necessary condition for the compactness of the semi- 
commutator TpQ — T F T G . This will also motivate a necessary and sufficient condition 
for T FG — T F T G to be zero. The question when T FG — T F T G is zero will be discussed in 
the next two sections. 

First we introduce an antiunitary operator V on L 2 by defining (Vh)(w) —wh{w). 
The operator enjoys many nice properties such as — P)V = P and V = V^ 1 . 

These properties leads easily to the relation V~ 1 HfV = H*j. 

Let x and y be two vectors in L 2 . x<g>y is the operator of rank one defined by 



at z, and 2 the Mobius map on the unit disk, 



<j) z can also be viewed as a function on the unit circle. Let $ z denote the function 
diag{(f> z , • • • , <p z } G H™ xn . The product T^ Z T^ is the orthogonal projection onto H 2 
{k z }. Thus 1 — TfaTfe is the operator k z ®k z of rank one. This leads to the following 
lemma. 

Lemma 1. Let F = (fij) nxn and G— (gij) n xn be in L^ xn . Then the operator H F H G — 
T£ H f HgT$ z is anti-unitary equivalent to 




n 




Proof. Let F— (fij) nxn and G— (gij) nX n- Then it is easy to check that 



n 



H F H G = (J2 H h H 9jk) 



nxn 



and 



n 



T* TJ* TJ rp j \ ^ rp* tj* tj rp \ 



So the difference H* F H G -Tl z H F H G T q>z is 



n 



(^■ H hi H 9ik-^, H f ji H 9 S k T 4>.]) 
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Hence it is sufficient to check that 

n 

E\ TJ* TJ J 1 * TJ* TJ J 1 1 

3=1 

is unitary equivalent to 

n 

^H fji k z ®H g . k k z . 

3=1 

Applying V and V^ 1 to the difference 

n 

EF TJ* TJ J 1 * TJ* TJ J 1 1 

-"f,,"^ - 1 ■ '■■ . 

3=1 

we have 



3=1 

n 



= V 1 Yl\- H hi H 9Sk ~ H h^ H 9 jk ^\ V - 
3=1 

Because V~ x HjV — Hj, the above equality simplifies to 

n 

= v- 1 ii f u, n //;,,, u,,,,:, \v 



3=1 
n 



3=1 



n 



3=1 

Since 1 —T^TJ = k z ®k z , the right hand side of the above equation is 



n 



3=1 

for all z in D. This completes the proof of the lemma. ■ 

Let trace be the trace on the trace class of operators on H 2 and tr denote the trace 
on the n by n matrices. 

Lemma 2. Let F and G be in L™ xn . Let T = H* F H G -T^H F H G T^ z . Then 
trace{T*T} = tr[\F_-F_{z)\ 2 {z)\G_-G_{z)\ 2 {z)}. 
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Proof. Let F = (f ij ) nxn and G={g ij ) nxn . By Lemma 1, H F H G -T^H F H G T^ z is anti- 
unitary equivalent to 

n 

T i = ($2,H f ..k ie ®H g . k k z ) nxn . 
So we need to computer the trace of the operator T*T±. It is easy to see that 

h 3 M 



E E E < H Un k » H Un k * > H m k z®H g ^k z ), 

where the second equality above follows from the fact that 

(x 1 <S>yi)*(x2<S>y2) =<x 2 ,xi> y x ®y 2 . 



Thus 

traceiT*^} = E E E E < H fa k »> H f* k > >< H n k » H ^ > ■ 

If we write = (J ij ) + + (/^)_ and ^ = (^)+ + (^-)_ for G # 2 and 

(c^)_ e zH 2 , then = ((/^)_ - (f i:j )_(z))k z and # ffi .£; 2 = - (^-)_(z))A; z . 

Therefore, by a change of the order of summations, we have 

traceiT*^} = E E E E < K/«n)- " (/«J- (*)]*., K/«i)- - > 

x < [(9ji)- ~ (9ji)-{z)]k z , [(v)- - (9ui)-(z)]k z > 

= E E(E < - (*)%, [(/;*)- - (fjn)- (*)]*. >) x 

(E < [(^-')- _ tM- - G^)-(* >)• 

Note that 
and similarly 

(E < IM- ~ (9ji)-(z)%, l(9»i)- ~ (9,i)-(z)]k z >) nxn = \G.-G.(z)\ 2 (z). 
i 

Hence 

trace{T*T 1 } = ^^(|F_-F_(z)| 2 (z)) M ,(|G_-G4^)| 2 W^ 

u j 



J2l\F--F4z)\ 2 (z))(\G_-G4z)\ 2 (z))} 
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= tr[\F_-F_{z)\ 2 {z)\G_-G_{z)\ 2 {z)}. 

Here we note that for a matrix A, \A\ 2 = AA* and (A)ij denotes the —th entry of 
A. This completes the proof of this lemma. ■ 

Theorem 3. Let F and G be in L^ xn . If H F H G is compact, then 

lim ||{[|F_-F_(z)| 2 (z)] 1 ^[|G'_-G'_(z)| 2 (z)]^}||=0. 

|z|->l 

Proof. Set H 2 (C n ) = H 2 © ... © H 2 . Let (A^) := H* F H G be the operator-valued nxn 
matrix representation of H F H G with respect to the above decomposition of H 2 (C n ). 
Since H F H G compact, each entry Ay of H F H G is compact on H 2 , by Lemma 2 [15], 
we have 



Hence 



lim 11^-^^,11=0. 

|z|-»l 



lim \\H* F H G -TlH* F H G T* z \\ = 0. 

\z\-*l z 



By Lemma 1, H F H G — T£ z H F H G T <s > z is a finite rank operator. Therefore, we have 
lim trace{(H* F H G - T* z H F H G T$ z )*(H* F H G -T* z H F H G T$ z ) } = 

\z\->l 

because the norm of a finite rank positive operator is equivalent to its trace. By Lemma 
2, we obtain 

l™tr[\F„-F_(z)\ 2 (z)\G--G-(z)\ 2 (z)] = 0. 

\z\->l 

On the other hand, 

tr[\F_-F^z)\ 2 {z)\G--G-{z)\ 2 {z)} 

= tr{[|F_-F4^)| 2 (^^[| G _-G4^)| 2 W][|^-^W| 2 W] 1/2 } 
= tr{[\F_-F_(z)\ 2 (z)] 1 / 2 [\G_-G_(z)\ 2 (z)} 1 / 2 x 

{[iF^-F^iz^ilG^-G^n^ 2 }*}. 
As is well-known, for all n x n matrices A, 

trA*A>C\\A\\ 2 

for some constant C > 0. Hence we conclude 

hm ||{[|F_-F_(z)| 2 (z)] 1 /2[| G __G'_(z)| 2 (z)]^ } || = 0. 

This completes the proof of the theorem. ■ 
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3. Finite sum of the product of Hankel operators 

In this section we will discuss when the finite sum of the products of Hankel operators 
with scalar symbols is zero. This is needed in the next section for characterizing F and 
G in L™ xn such that T FG = T F T G . 

Let M nxn be the set of n x n matrices. Let A = [a^] € M nxn , define 

||^||oo = S«Pl<iJ<nKj| 

and (M nxn )i denotes the closed unit ball of M nxn in the above norm. Let P n be the 
set of n x n permutation matrices. 

Proposition 4. Let f k = (f kl , ■■■ , f kn ) T for k = 1, • • • , to and g = (g u ■■■ , g n ) T e 
L 2 (C n ). Let 

S k n'-= /fci^H \-fkn®g n , k = l,---,m. 

Then S kn = for all k = 1, • • • , m if and only if there are a matrix A G (M nxn )i and a 
permutation matrix R such that 

(R-A)f k = 0,k = l,--- ,m and A*g = 0. 

Proof. We first prove that S kn = 0, k = 1, • • • , m if and only if there are a matrix A e 
(M nxn )i and a permutation a such that 

(I-A )f ka = 0,k = l,--- ,m and A* g a = 0, 

where f ka = (f ka (i), ••• , fka(n)) T - For any A G (M nxn ) 1 , any permutation a, set 

x k :=(x kl ,--- , x kn ) T = (I -A)f ka ,k = !,■■■ ,m and y := (yi, • • • , y re ) T — A*g a , 

then we have 

Sfc„ = ® ff^ = arjfci ® ^(i) H Vx kn ®g a{n) + / feCT( i) ®yiH h / fc<T („) ®y n - 

The sufficiency follows from the above relation. To prove the necessity we use induction. 
It is clear that for n—1, the result is true with A = l or A = 0. Now assume the result 
is true for n — 1. Without loss of generality, assume that 

max 1 < i < n \\g i \\2 = \\g j \\2>0 

for some j. Note that if S kn = 0, k = 1, • • • , to, then 

Sfcrift- = ^ < 9j, 9i > fi = 0, A; = 1, • • • , to. 

i=i 

That is 

fkj + ^^djfki = 0, 
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where =< g^ gj> / < g^ gj >, |oj| < 1 for i ^ j. Now we rewrite Sk n as 
S kn = (fkj + ^2 a ^ k ^> ®9i + ^2 fki ® (9i-Oj9j)- 

^From above analysis we have that 

^ fki<S>(9i-aj9j) = 0,fc = l, • • • ,m. 

By induction there exist A x e (M n _ lxn _ 1 ) 1 and a permutation a; of {1, • • • — + 
1, • • • , n} such that 

(7 — • • • , fku(j-l), fku(j+l), ■ ■ ■ i fkw(n)) = 0, k = 1, • • • , m, 

9w(j+\) — a>w(j+i)9u{j), • ■ • ,9u{n)-au{n)9u{j)) =0. 

Let 

where a= [— a^i), • ■ • , — a w (j_i), — a^+i), • • • , -a^( n )]- 

Take a to be such that cr(l) = j, cr(i) = c<j(i + 1) for 2 < i < j — 1 and cr(i) = u;(i) for 
j + 1 < % < n. It is easy to check that such A and a are what we need. Now let R be 
the permuation matrix such that f ka = Rfk for all /c = 1, • • • , m and A = R*A , then it 
is easy to check that for such A and R 

(R-A)f k = 0,k = l,--- ,m and A*g = 

if and only if 

(I -A )f ka = 0,k = l,- ■ ■ ,m and A* g a = 0. 
The proof is complete. ■ 

Next we discuss when the finite sum of the products of Hankel operators is zero. 

Theorem 5. Let f k = (f k i, • • • , fkn) T , k = 1, • • • , m and g= (g u ■ ■ ■ , g n ) T for f tj and g t 
inL°°. Let 

n 

T kn :=Y,H} k H gv fc = l,...,m. 

i=i 

T/ien T fen = for all k = 1, • • • , m if and only if there are a matrix A e (M n><n )i and a 
permutation matrix R such that 

(1) (R-A)f k eH? xl ,k = l r --,m and A*geH~ v 



A.= 



a 
Ai 
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Proof. To prove the necessity, we recall the following identity proved in Lemma 1. 

n n 

(2) V- l [Y,{H} k H g -T;H hr H g T^ z )}V = ^HfJz^H^ k = 1, • • • , m. 

i=i i=i 

Therefore if Y^ =1 H* fki H 9i = 0, then 

n 

^H hi k z ®H gi k z = Q. 
i=i 

In particular for z = (i.e., k — l), by Proposition 4, the above equation implies that 
there exist a matrix A G (M nxri )i and a permutation matrix i? such that 

(R- A)[H fkl l, ■ ■ • , H h l] T = 0, fc = 1, • • • , m and A*[H 9l l, • • • , H g l] T = 0. 

That is (1) holds. To prove the sufficiency, as in the proof of Proposition 4, we note 
that for any A G (M nxn )i, any permutation matrix R, if we set 

x k = (x kl ,--- ,x kn ) T =(R-A)f ka and y = {y 1 ,-'- ,y n ) T = A*g a , 

then we have 

(3) T kn = Hl H Q ,+--- + H* H Q + H* f H V i+--- + H* f H v , k = 1, • • • , m. 

The above formula and the fact that is zero when b G i? 00 prove the sufficiency part 
of our theorem. ■ 

4. Zero semi-commutator or commutator 

Brown and Halmos [4] showed that the semi-commutator — T^T^ is zero exactly 
when either or ip is analytic for the scalar functions <fi and ip. Halmos [12] also charac- 
terized when the commutator T^T^ — T^T^ is zero. In this section, we will characterize 
when the semi-commutator T FG — T F T G or the commutator T F T G — T G T F is zero for 
block Toeplitz operators with matrix symbols F and G. 

Let Ej be the nxn matrix unit with (j, j)-th entry equal to one and all other entries 
equal to zero. Note that for a m x n matrix B, BEj is basically the j-th column of B. 

Theorem 6. Let F,G E L™ xn . The following are equivalent. 

(1) The semi- commutator T F T G — T FG {= —H F *H G ) is zero. 

(2) There exist matrices Aj G (M nxn )i and Rj G P n ,j — 1, • • • , n such that 

{R 3 -A 3 )F*eH™ n and A*GEj G H» n ,j = 1, • • • , n. 

(3) 

[\{F + y-{F + T{z)\\z)}^[\G_-G_{z)\\z)]^ = V 

for all z G D. 

(4) 

l\(F + y-(F + y(z)\\z)]^l\G--G-(z)\\z)]^ = 
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for some z E D. 

Proof. (1)^(2). Let F = (fa) and G = (#,■)■ Since T F T G -T FG = H* F *H G , T F T G - 
Tfg = if and only if for each j — 1, • • • , n 

n 

i=i 

By Theorem 5, this is equivalent to that for each j — 1, • • • ,n, there exist matrix 
Aj E (M nxn )i and Rj G P n such that 

(R 3 -A,)F*EH^ n and A*GEj G H™ xn . 

(1)=>- (3). Since T F T G -T FG = H F *H G , by Lemma 2, for all z E D, we have 

trace{ [#* . if G - [#* , # G ]T $ J * [#* , # G - T£ H G ]T* t ]} 

= tr[(|(F + )*-(F + )*(,)| 2 (,))(|G_-G_^| 2 W)] 

[|(F + )*-(F + )*(z)| 2 (z)] 1 / 2 [| G '_-G_(z)| 2 (z)] 1 / 2 )*]. 

Hence 

[\{F + y-{F + )\z)\\z)]^[\G--G-{z)\\z)]^ = U. 

(3) =>-(4). This is obvious. 

(4) =^(1). For a given z E D, define a unitary operator U z on H 2 by C/ z /i = ho<f) z k z . 
Let W 2 = diag{U z , ■ ■ ■ ,U Z }. Then it is easy to check that 

U*T F U Z = T Fo( p z . 

Therefore 

U* [H F , H G — T£ z H F * H G T^ z ]U z 

r TT* TT rp* TT* TT rp ] 

- l H F*o<p z -HGo<i >z --t<i, rl F * O( p z Il Go( p z l<!, \. 
So it is sufficient to prove that H* F ,H G = if we assume that 

[|(F + r-(F + )*(0)| 2 (0)] 1 / 2 [|G_-G_(0)| 2 (0)] 1 / 2 = 0. 

By Lemma 2, we have 

= tr[[|(F + r-(F + )*(0)| 2 (0)] 1 / 2 [|G_-G_(0)| 2 (0)] 1 / 2 x 
([|(F + )*-(F + )*(0)| 2 (0)] 1 / 2 [|G'_-G_(0)| 2 (0)] 1 / 2 )*]. 

So 

TT* TT T"T* TT* TT rp n 

n. F *n G — l^ Q H F ,n G l^ — U. 

Thus it follows from a theorem [6] that there is a matrix valued function M in L^ xn 
such that H F ,H G — T M . But by the Douglas theorem [7] we have that M — 0. Hence 
Hp,H G = 0. ■ 
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Next we study the commutator TpTc — TgTp by reducing it to the semi-commutator 
case. To see this, first note that 

T, rri rri rri rri rri rri , rri rri rri , rri 

f1g — 1g1f = 1f-lg — -lfg + -lgf — -lg-lf + -l (fg-gf) 

— ~ (H F * H G — Hq* Hp) + T(fg-GF) ■ 



Let 



B = 



F —G 


, c= 


' G 


" 


. 


F 






A simple calculation gives that 

Hg* H c ■ 



Hp* Hq — Hq* Hp 




Therefore, by the Douglas theorem [7], TpTc — TcTp = if and only if H* b *Hq = and 
FG = GF. A straightforward computation shows that 

(4) \(B + y-(B + Y(z)\ 2 {z) 

\(F + Y-(F + y(z)\*(z) -(((F + Y-(F + y(z))(G + -G + (z)))(z) 
-(((G + y - (G + Y(z))(F + -F + (z)))(z) \(G + Y - [G + y{z)\\z) 



(5) |C_-C_(z)| 2 (z) 

\G_-G4z)\ 2 (z) 
((F_-F_(z))((G_y-(G_y(z)))(z) 

This leads to the following result. 



((G_-G_(z))((F_y-(F_y(z)))(z) 
\F_-F(z)\ 2 (z) 



Theorem 7. Let F,G G L™ xn . The following are equivalent. 

(1) The commutator TpTc — TcTp is zero. 

(2) GF = FG and there exist matrices Aj G (M 2riX 2n)i an d Rj G Pi n , j — 1, • • • , n such 
that 



(Rj-Aj) 
(3) GF = FG. And 



p* 
-G* 



EH™ xn and A* 



G 
F 



Ej£H™ xn , j = l,---,n. 



\(F + y-(F + y(z)\*(z) -(((F + y-(F + y(z))(G + -G + (z)))(z) 

-(((G + y-(G + y(z))(F + -F + (z)))(z) \(G + y-(G + y( z nz) 



1/2 



X 



\G--G-{z)\\z) 
((F_-F_(z))((G„y-(G-y(z)))(z) 



{(G.-G.{z))({F.y-(F.y{z))){z) 
\F^-F^z)\\z) 



1/2 



for some z G D. 
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We remark that as in Theorem 6, the matrix in the statement (3) of Theorem 7 is 
zero for some z G D if and only if it is zero for all z ED. 

An operator A is said to be normal if AA* — A* A = 0. We observe that by taking 
G — F* in Theorem 7 and noting that T F = T F * , we have the following characterization 
of normal block Toeplitz operators. 

Corollary 8. Let F G L™ xn . The following are equivalent. 

(1) Tp is normal. 

(2) F*F = FF* . And there exist matrices Aj G (M 2nX 2n)i and Rj G P 2n , j — 1, • • • ,n 
such that 



(3) F*F = FF* . 



eH?° 



2nxn 



and A* 



p* 
F 



fe - n 2nxn) 



,n. 



And 



\(F + y-(F + Y(z)\*(z) 
-(((F + y-(F + )*(z))((F_y-(F_nz))(z) 



-((F_-F_(z))(F + -F + (z))(z) 
|F_-F_(z)| 2 ^) 



nl/2 



X 



\(F + y-(F + y(znz) ((F_-F_(z))(F + -F + (z))(z) V /z _ 

(((F + y-(F + y(z))((F_y-(F_y(z))(z) \f_-f.{ z )\\ z ) \ " u 

for some z G D. 

Proof. Let \(B + )* - (B + )*(z)\ 2 (z) and |C_ - C_(z)\ 2 be defined by (4) and (5) with 
G = F*. The corollary follows from Theorem 7 by noting that 

(C7 + r - (G + y(z) = F_ -F-(z), C7_ - G^) = (F + )* - (F + y(z). 



5. A DISTRIBUTION FUNCTION INEQUALITY 

Recall that a necessary condition for the compactness of the semi-commutator Tfg ~ 
T F T G is obtained in Theorem 3. Namely, the compactness of T FG — T F T G implies that 

Ijm || [\(F + y - {F + y(z)\ 2 {z)nG. - G_(z)| 2 (z)]^|| = 0. 

To prove that the above condition is also a sufficient condition for the compactness 
of T FG — T F T G , we need a certain distribution function inequality. The distribution 
function inequality involves the Lusin area integral and the Hardy-Littlewood maximal 
function. The idea to use distribution function inequalities in the theory of Toeplitz 
operators and Hankel operators first appeared in [2]. In this section we will get such a 
distribution function inequality. 

For w a point of dD, we let T w denote the angle with vertex w and opening n/2 
which is bisected by the radius to w. The set of points z in T w satisfying \z — w\ < e 
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will be denoted by T w e . For h in L 1 (dD), we define the Lusin area integral of h to be 



A e (h)(w) = [ I \gradh(z)\ 2 dA(z)] 1/2 

J Ten 



where h(z) means the harmonic extension of h on D and dA(z) denotes the Lebesgue 
measure on the unit disk D. The Hardy-Littlewood maximal function of the function h 
will be denoted Mh, and for r > 1, we let A r h = [M|/i| r ] 1/,r . For ze D, we let I z denote 
the closed subarc of dD with center A and measure 5(z) — 1 — \z\. The Lebesgue 
measure of the subset E of dD will be denoted by \E\. 

Let fi and ^ (i — 1, • • • , n) be in L°°(dD) and u and v be in H 2 (dD). We define a 
generalized area integral to be 

„ n 

B e (u,v)(w)= / \J2grad(H f .u)grad(H gi v)\dA(z). 
Jt W:< , i=1 

For / > 2 and z ED, define 

n 

S,(z)=inf{J^(||a: i o0 z -P(a: i o0 z )||, + ||y i o0 z -P(^o0 z )||,) :Ae(M nxn )i, i?GP„}, 

i=l 

where 

x= (xi, • • • ,x„) T = (R-A)f and y = (yi, • • • ,y n ) T = A*g, 

n 

i=i 

We have the following distribution function inequality. 

Theorem 9. Let fi and gi be in L°° , i = 1, • • • , n, and u and v in the Hardy space H 2 . 
Let z be a point in D such that \z\ > 1/2. Then for any I > 2, for a > sufficiently large 
and S(z) = l — \z\ 

\{weI z :B 2 5( z ){u,v){w)<a'~i(z)T l (z) inf A r (u)(w) inf A r (v)(w)}\ > C a \I z \ 

where C a depends only on I and a, lirria^ooCa = 1, and + 1/r = 2/p for some 1 < p < 2 
and 1 < r < 2. 

Proof. Let fi and gi be in L°° and u and v in i7 2 . By our definition 

/n 
| ^29 ra d(LTf-u)grad(H gi v) \dA(w). 
-W,€ i = \ 

For a fixed z £ D, let %2/ z denotes the characteristic function of the subset 21 z of dD 
and write Hf.u — Un + Ui 2 , H g .v = Vii+v i2 , where 

u n = (I-P)[(fi-P(fo<i> z ))o <P z ) X 2i z u] , 

« i 2 = (/- J P)[(/i-P(/ i o^))o^)(l- X2J >], 
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vn = (I-P)[(gi-P(giO(j) z ))o(j) z )x2i z v]: 

Vt2 =(I-P)[(g l -P(g t o ( f )z ))o ( f )z )(l- X2Iz )v]. 

Thus we have 

n 

(6) B e (u, v)(w) < J^iMuii) +A e (u i2 ))(A e (v il ) +A e (v i2 )) 

i=i 

^From now on we use e to denote 25(z). Let i (l<i<n) be fixed. We first recall the 
following estimates from [15] for the terms A e {un) and A e {u i2 ) (similarly A e (vn) and 
A £ (v i2 )). 

For I > 2, there are a positive constant C and r G (1, 2) such that 

(7) [/ A e {u tl yda{w)] l lv <L7|/ z | 1 /f||/ J o0 2 -P(/ i o0 2 )|| i inf A r u(w) 
Ji z w&1 * 

for some p > 1 so that l/l + l/r—l/p. 
For />2, on J 2 , 

(8) ^M^Cll/iO^-P^o^H, inf A v u(w), 

for some C>0 and 1/Z + 1/Z' = 1. 

For completeness we give a proof here. We first write = (I — P)uj ( j = 1, 2) where 

Ul = (fi--fi~(z))x2I z U, U 2 = (fi--fi-(z))(l-X2I z u) 

and/ i _ = (/-P)/ i . 

We first prove (7). Note that for / > 2, we can always find /' > 2 and p > 1 so that 
/ = I'p and r =Pjrzi < 2- By the theorem of Marcinkiewicz and Zygmund, the truncated 
Lusin area integral A e f(w) is L p -bounded for 1 < p < oo. So for I > 2, we have 

/ [A e (/-p)(M 1 )H] p d ( jH<c7 / l^il^H 

Jl z JdD 

= C f \f i --f i -(z)\ p \u(w)\ p da(w) 

J2I Z 

<l^[i/ |/ 1 -H-/ ! -Wr ! '^W] 1/, '[^/ M r ^(»)] p/r . 

Let P(z, w) denote the Poisson kernel for the point z. Since 

T— — ; / \U\ r u(w) 
\2Iz\ J2I Z 

for each w G 2I Z , and an elementary estimate shows that for w G 2I Z , P(z, w) > j^-j , it 
follows that 

[/ A e ((/-P)K)H) p ^H] 1/p <C|4r /p [|/ i --/i-(^)|^)] 1/ ' mf A r u(w). 
Ji z w&1 * 
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Thus (7) follows from the following identity. 

(9) [|/i--/i-WI'W] 1/, = ||/iO^-P(/ i o^)lli 

Now we prove (8). For u 2 , we shall use a pointwise estimate of the norm of the 
gradient of (I — P)u 2 . It is easy to see that 



Thus 



(/-P)W(») = ^/^(0- 

\grad(I-P)u 2 (w)\<C [ -ML^) 

J \l-wQ 2 

I [[/-(O-^MI^OI, 
JdD/2i z |i-<r 



<c 

ldD/21; 

On the other hand, there is a constant C > so that 
for all £ in dD/2I z and w in J z . Thus we obtain 



>C 



\grad{I - P)u 2 {w)\ < C — — = d<r(f)- 

JdD/2I z 1 1 _ ^ I 

Applying the Holder inequality yields 

|^ad(/-P)« 2 («;)|< 1 ^[|/ i _-/ i _( 2; )| , (z)] 1 /'[(|„|'')( 2; )]Vi'. 

1 — z r 



Because the nontangential maximal function is bounded by a constant times the Hardy- 
Littlewood maximal function, and because z belongs to T Wje , the last factor on the right 
is no larger than CAi/u(w), and again the desired inequality is established by noting 
(9). 

Now we can estimate the products A e (uij)A e (vij), j — 1,2 by using (7) and (8). By 
Holder inequality, we have 



[/ [A( Ulj )A(v tJ )f 2 da(w)]<[[ [A e ( Uij )Yda(w)n I [A e {v tJ )Ydo{w)} 

Jlz Jh Jh 



1/2 



By using estimate (7) for integral of A e (un) or A e (vn) and estimate (8) for integral of 
A e (u i2 ) or A e (v i2 ), we get that for I > 2, there is r with 1 < r < 2 such that 

[/ [Muij)Mvij)] p/2 M™)] 2/p <c\i z \ 2 ^ 



(10) inf A r u(w) inf A r v(w) 

for some p> 1 so that 1/l + l/r = 2/p, and a constant C depends on only I. 
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Now we are going to finish the proof by summing up the estimates as above. ^From 
(6) we have 

/n 2 
-z i = l j = l 

By estimate (10), we have 

/ B(u,v) p/2 da(w)<C\I z \x 
Ji z 

n 

(11) (V||(/ l o0 2 -P(/ J o0 2 )||f/ 2 ||^o0 2 -P(^o0 2 )||f/ 2 )(inf A s u(w) inf A s v(w)) p/2 . 

z — ' w<=Iz w€l z 

i=l 

Next for any A e (M nxn ) 1 and any permutation matrix Re P n , let 

x = (xi, ■ ■ ■ ,x n ) T = (R-A)f and y=(yi, ■ ■ ■ ,y n ) T = A*g, 

where f — (fi, • • • , f n ) an d g = (gi, • • • , g n ) ■ We apply the above inequality (11) to 
the vector-valued functions x and y. We note that the B e (u,v) corresponding to / and 
g is the same as the B e (u,v) corresponding to x and y; more precisely, 

„ n 

B e (u,v)(w)= / \^grad(H f .u)grad(H g .v)\dA(w) 

J^w,e i= l 

n 

\^^(grad(H Xi u)grad(H g .v) + grad(Hf.u)grad(H y .v))\dA(w). 
By formula (11), we have 

/ B(u,v) p/2 da(w)<C\I z \(mf A s u(™) ™i A s v(w)] p/2 ) x 
J Iz wei z wei z 

n 

(^(WxiOfa- P( Xi o 2 ) Hf 12 \\ 9l o 2 - P( 9i o </>,) + 
1=1 

ll/.o^-P^o^llfll^o^-P^o^Hf/ 2 )). 

Therefore 

[ / S^u^^d^Hl^^Cl^l^Sj^r,^) inf A slt («i) inf A s v(w). 

J I WGlz W&Iz 

Next for a fixed z in D and a > 0, let P(a) be the set of points in J 2 where 
B t (u, v) < aEi(z)Ti(z) inf A s h(w) inf A s -y(u>). 
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Then 

lIjEia^aZ^Fiiz) inf A s h(w) inf A s v(w) < [ [ B e (u,v)da{w)f/ p 
^Cm^E^Ttiz) inf A s h(w) inf A s v(w). 

wGl z w£l z 

So 

\I z /E(a)\<Ca- p / 2 \I z \. 
Therefore for a sufficient large a > 0, we have 

\E(a)\>(l-Ca^ 2 )\I z \. 

Let C a = 1 — Ca~ p l 2 . This completes the proof of the theorem. ■ 

6. Compact finite sum of products 

Before proceeding to our main results in this section, we need to introduce some 
notations involving the maximal ideal space of an algebra. Let M. be the maximal ideal 
space of H°°, which is defined to be the set of multiplicative linear maps from H°° onto 
the field of complex numbers. Each multiplicative linear functional <fi G M. has norm 
1 (as an element of the dual of H°°). If we think of M. has a subset of the dual space 
H°° with weak-star topology then Ai becomes a compact Hausdorff space. For z G D 
the evaluation functional / — > f(z) is a multiplicative functional. So we can think of D 
as a subset of M.. The Carleson corona theorem tells us that D is dense in M.. 

By using the Gelfand transform, we can think of H 00 as a subset of C(M), the 
continuous, complex- valued functions on the maximal ideal space of H°°. Explicitly, 
for / G H°°, we extend f from D to M. by defining 

f(r) = r(f) 

for every r G M.. Note that this definition is consistent with our earlier identification 
of D with a subset of M.. 

By the Hahn-Banach theorem each r G M. extends to a linear functional r' on L°°. 
In fact, there is a unique representing measure d\i supported on M(L°°), the maximal 
ideal space of such that for each g G r'(g) = J supp(r /) 9^- A subset of M(L°°) 
will be called a support set, denoted by suppr, if it is the (closed) support set of the 
representing measure for the extension of a functional r in M(H°° + C). 

For / G L°°, we let H°°[f] denote the closed subalgebra of L°° generated by H°° and 
the function /. If /= (f 1: ■ • • , f n ) T , we still use H°°[f] to denote the closed subalgebra 
of L°° generated by H 00 and functions /i, • • • , f n . Recall that 

n 

S 2 (z) = iiif{^(||x i o^-P(x i o^)|| 2 + ||y i o^-P( ft o^)|| 2 ):Ae(M nxn )i PeP„}, 
i=i 

where 

x = (xi, • • • ,x n ) T = (R-A)f and y = (yi, • • • ,y n ) T = A*g. 
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Theorem 10. Let f = (f 1: • ■ ■ , f n ) T and g = (g ir ■ ■ , g n ) T for f { and g { in L°°. The 
following are equivalent. 

(1) H* fi H gi ^ VH* f H gn is compact. 

(2) lim_ aD \Vn=i{H h k z ) ® (H gi k z ) || = 0. 

(3) \im z ^ dD E 2 (z)=0. 

(4) For each m G M(H°° + C), there exist a matrix A G {M nxn )i and a permutation 
matrix RE P n such that (R — A)/|suppmG -£P°|suppm and A*g | suppm G H°° | suppm 

(5) The following relation holds. 

n { Ae(M nXn ) 1 ,ReP n }H°°[(R-A)f : A*g}cH°° + C. 

Proof. Without loss of generality we may assume that ||/j||oo < 1/2 and ||<7i||oo < 1/2 for 
all i = 1, • • • , n. 

(1) =>- (2). Assume that ^2™=iHf.H gi is compact. By Lemma 2 [15] we obtain 



(12) lim ||][>; A -TUY. H W T «> II = °- 

|z| i=i i=i 

But by the proof of Lemma 1, 

n n n 

v-\Y. H i H 9-nsY. H W T <t>*) v = Y, H f^ H ^ 

i=l i=l i=l 

where recall that V is the antiunitary operator on L 2 (<90) defined by Vh(e td ) = e~ l6 h(e id ). 
Thus 

n 

(13) lim || y^H f .k z ®H g k z || = 0. 

kl-»i r-r' 
i=i 

That is (2) holds. 

(2) =>- (3). Assume now that (2) holds. Suppose that (3) does not hold. That is, 
there are 5 > and a net {z} C D accumulating a point in 3D such that 

H 2 (^)>5. 

We will get a contradiction. We may assume that the net {z} converges to some 
nontrivial point m G M(if 00 + C). 

Let denote the algebra H°°\ suppm on suppm, and denote the algebra L°°\ supprn . 
Then L^/H™ is a vector space. For a function ip in let [■0] m denote the element 
in L™/H™ which contains V- For / = (f u ■■■ , f n ) T , let [f] m = ([/i] m , • • • , [/ ra ] m ) T and 
/ G means that fi G f/"^ 1 for all i = 1, • • • , n. Let g = (g 1: • • • , g„) T . For convenience 
we also introduce the following notations. 

n 

||-H/M 2 :=5^ \\ H fi k zh, 
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n 

H f k z ®H g k z :=^H fi k z ®H g .k z . 
i=\ 

Suppose that the dimension of the space spanned by [fi] m , [fn]m is N <n. We may 
assume that {[/i] m , [/W] m } is a basis such that ([/i] m , [f n ] m ) T = B([fi] m , [fN]m) T 
with B = (bij) and \bij \ < 1, see the proof of Proposition 4 for details. Let A be the 
matrix (B,0) nxn . Then f — Af is in on the support set suppm. By Lemma 3 [15], 

lim \\H f _ Af k z \\ 2 = 0. 

z^m 

On the other hand, 

Hfk z (g)H g k z = Hf_ A fk z ®H g k z + Hfk z ®H A * g k z 
= Hf^ Af k z ®H g k z + H f(N) k z <g> H B * g k z , 

where f(N) — (fi, /at)- As z goes to m, the first term in the right hand side of the 
above equation goes to zero. Hence 

\m^\\H f(N) k z <g)H B *gk z \\=0. 

We are going to show that 

lim \\H B * g k z \\ 2 = 0. 

z—>m 

Suppose that this is not true. We may assume that 

lim ||if fll fc z ||2 > 0. 

z^rn 

Let a,i(z) =< H gi k z , H g -k z >. Note that \di(z) \ < \ZH<7i||oo-\/ll#*ll°° < 1- We may assume 
that a,i(z) converges to Oj as z goes to m. By our assumption a\ j^O. But 

lim \\(H f k z ®H B * g k z )Hg 1 k z \\ 2 = 

z—>m v ' 

implies that 

lim \\H z n k z \\ 2 = 0. 

By Lemma 3 [15], Y^H=i a ifi * s m H°° on suppm. This contradicts the fact that 
{[fi] m , [/jv]m} is a basis. Therefore 

lim ||-ffs. 9 A; 2 ||2 = 0. 

Hence 

lim || 2 = 0. 

But 

\\H(i- A )fk z \\ + ||#A* g M > S 2 (^). 

Hence 

lim {\\H {I _ A)f k z \\ + II^AH) > 5. 

z^m 

This is a contradiction. 
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(3) =>- (4). We are going to show that for each m G M(H°° + C), there exist matrices 
A m G (M„xn)l an d -^m ^ -fn such that 

[(iU-An)/]m = 0, [A* m g} m = 0. 

Let z be a net in D converging to m. By condition (3), there are matrices A z G (M nxn )i 
and i?^ G P„ such that 

\im(\\H {Rz _ Az)f k z \\ 2 + \\H Aig k z \\ 2 )=0. 

z—*m 

Since (M nxn )i is compact and the permutation group P n is also compact, we may 
assume that A z converges to A rn and R z converges to R m . Hence 

\i^(\\H {Rm - Am)f k z \\2 + \\H A * mg k z \\ 2 )=0. 
By Lemma 3 [15], we have 

[(R m -A m )f] m = 0, [A* m g] m = 0. 

(4) (5). By the Chang-Marshall theorem [8], we need only to show that 

M{H™ + C)GM{n {A&(Mnxn)l , RePn] H™[{R-A)f,A*g}). 
Condition (4) states exactly that 

M(H°° + C)cU {Ae(Mnxn)uRePn} M(H°°[(R-A)f,A*g]). 
By the Sarason theorem [11], 

M(n {Ae{MnXn)uRePn} H°°[(R-A)f : A*g}) 

(14) =Closure of U {Ae{MnXn)u RePn} M(H°°[(R- A)f, A*g\). 

Hence 

M(H™ + C)cM(n {Ae{MnXn)l , RePn} H°°[(R-A)f : A*g}). 

(5) =^ (3). Suppose that (3) does not hold. There are 5 > and a net z in D 
converging to some m G M(H°° +C) such that 

S 2 (z)>5. 

By condition (5) and Sarason's Theorem [11] as in (14), there are a net m a G M(H°°) 
and matrices A a , R a such that m a converges to m and 

[(R a -A a )f] ma =0, [A* a g] rna =0. 

We may assume that A a converges to some A m and R a converges to some R m . We 
claim that 

[(R m -A m )f] m = 0, [A* m g] m = 0. 
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As in Lemma 3 [15], let {% — 1, • • • , n) be the unimodular functions such that u m = 
(ui, ...,u n ) T in (R m — A m )f + and Ui (i — 1, • • • , n) be the unimodular functions 
such that v m = (v 1 , v n ) T in A* n g + H%°. Then by Lemma 3 [15] 



^[(i-K(z)| 2 ) + (i-K(z)| 2 )] 



< C[||A Q — An||oo + ||-Rq — -Km I |oo] +C[\\H( Ra _ Aa )fk z \\ 2 + WHA^gkzlU] 

for all z ED. Hence 

n 

^|(l-|M i (m a )| 2 ) + (l-|t; l (m Q )| 2 )]<C , [p Q -A m || 00 + ||i? a -i? m || 00 ]. 

i=l 

Since these functions Ui and V; L are continuous on M(H°°), we have 

^[(l-k(m)| 2 ) + (l-|^(m)| 2 )] = 0. 

Therefore 

[(i2 ro -An)/]m = 0, K^]m = 0. 

This proves our claim. But again by Lemma 3 [15], this implies that 

l^(\\H { R m -A rn )fk z h+\\H A * ng k z \\ 2 )=0. 

This contradicts to the assumption that 

WH^-A^fhh + WHA^gk^ > E 2 (z) > 5, 
(3) =>- (1). Now we assume that 

lim E^fz) = 0. 

z^dD 

We use the distribution inequality obtained in Section 5 to show that ~Y™ =1 H*f.H gi is 
compact. Since the quantity E r (z) for some r > 2 appears in the distribution inequality, 
we first need to show that in fact for some r such that 3 > r > 2, 

(15) limS P (z)=0 

z^dD 

Recall that 

n 

S I (z)=inf{5^(||a: i o0 z -P(x i o0 z )||, + ||y i o0 z -P(^o^)||,):Ae(M nxn )i REP n }, 
i=i 

where 

x = (x u ■ ■ ■ ,x n ) T = (R-A)f and y=(y u ■ ■ ■ ,y n ) T = A*g. 
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First note that since A e (M nxn )i, R G P n and by our assumption ||/j||oo < 1/2 and 
HftHoo < 1/2, we have H^Hoo < (l + n)/2 and ||yi||oo < n/2. Thus 

n 

^2(\\x i o(t) z -P(x i o(f) z )\\ r + \\ yi o ( f) z -P(y i o <j> g )\\ r ) 
i=l 

n 

<C7 r (^(||^o0 2 -P(a; l o0 2 )|| 2 + || 2/ ,o0 2 -P(t /j o0 2 )|| 2 ) 2 /-)). 



for some constant C r dependent only on r and n. Therefore 

E r (z)<C r (E 2 (z)) 2 / r . 
Since lim 2 ^aD H 2 (-2) =0, we obtain 

lim SJz) = 0. 

This completes the proof of (15). 

Now let u and v be two functions in H 2 . Since Hf.u is orthogonal to H 2 , we see that 
(if/ j u)(0) = 0. Thus by the Littlewood-Paley formula [8], we have 

n n 

< u, (J2H* fi H 9i )v >=J2< H f^ H 9i v >= 

i=l i=l 

\ j (Yl9rad(H f .u)grad(H gi v)) log^ dA(z) = I R + II R , 



where for 1/2 < i? < 1, 
Ir = 

and 



|«|>fl 



n i 

(^^grad(H f.u)grad(H ~ 9i v)) log— dA(z) 



i=l 



n R = / C)^grad(H h u)grad(H gt )log—dA(z). 
J\z\<r i=1 H 

One easily checks that there is a compact operator K R such that 

II R =<u,K R v> . 

Thus, if we show that I R — >0 as i? — > 1, then ||T/T S — T g Tf — K R \\ — ►(), and we are done. 
The rest of the proof will be devoted to showing that J R — > as R — > 1 . 

Choose zeD and fix a constant a > 1 for which the Distribution Inequality holds; 
that is 

\tel z : {B e (u, v)(t) < aZ r {z)r r {z)A s u(t)A s v(t)}\ > K a \I z \. 
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For t G <9©, let 

p(t) = max{e : B e (u, v)(t) < aE r (z)T r (z)A s u(t)A s v(t)}. 
Let xt denote the characteristic function of Tt,p(t)- Then 

/ B p ( t )(u,v)(t)dt<aE r (z)r r (z) / A s u(t)A s v(t) dt 

J dO JdB 

< aE r (z)r r (z)\\A s u\\ 2 \\A s v\\2. 

2 

Since - > 1, so by [8] 

s 

iiA sM |i 2 =iiM(| M r)^|| 2=[M (| M r)ii 2/s ]^<A s (ii| M ni 2/s ||)^ 

So 

||A s w|| 2 < A s ||u|| 2 . 

Similarly, 

||A a u||2<4||u|| 2 . 

Thus 

(16) / B p{t) (u,v)(t)dt<a*E r (z)r r (z)\\u\\ 2 \\v\\2. 

Job 

On the other hand, 

/ B € (u,v)(t)— I / \^^grad(Hf i u)grad(H g .v)\dA(z) dt 
Jan JdvJr tMt) i=1 



So 



/ B e {u,v)(t)> [ [ xM\Y j grad{H fi u)grad{H gi v)\dA{z)dt. 
Job JdBJ\z\>R i=1 



Now the Distribution Function Inequality tells us that p{t) > (1 — \z\ 2 ) on a subset 
E z of I z satisfying 

\E z \>K a \I z \. 

Now, for t G E z , we have t G J 2 . Thus if we write z = re t6 and note that p(t) > |(1 — \z\) 
we have 

\re i6 -e it \<\re i6 -e id \ + \e te -e it \<(l-\z\)+ ( - 1 ^ )<p(t) 
Therefore, for t&E z , we have that z G ^t,p(t) an d that Xt(-z) = 1 on E z . So, 

/ / Xt(z)\^2grad(H fi u)grad(H gi v)\dA(z)dt 

JdBJ\z\>R i=1 

> [/ Xt(z) dt]\\y^ j grad{H fi u)grad(H g .v)\dA(z) 

J\z\>R J 8B i=1 
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Since Xt( z ) = 1 on E z , we have 



/ B e (u,v)(t)dt> [ \E z \\J^grad(H fi u)grad{H gi v)\dA(z) 

JdO J\z\>R i=1 

But, \E Z \ >K a (l-\z\ 2 ), so 

/ B £ (u,v)(t)>K a I \J^grad(H h u)grad{H gi v) | (1 - \z\ 2 )dA(z). 

JdO J\z\>R „■_, 



'dO J\z\>R i=1 

Since 



>\z\>R 

we have, 



r " i 

Ir= \y^grad{H h u)grad{H gi v)\ log — dA(z), 

J\z\>R H 



/ B e (u,v)(t)>K a \I R \. 



Combining this together with (16), we see that \I R \ < CE r (z)r r (z)\\u\\2 \\v\\ 2 - But by 
(15), 

lim E, r (z) = 0. 

z^dD 

and T r (z) is bounded. Hence we have lim^x \I R \ =0. This finishes the proof. ■ 

7. Compact semi-commutator or commutator 

In this section by combining the results in Sections 2 and 6, we will show several nec- 
essary and sufficient conditions for the semi-commutator or the commutator of the block 
Toeplitz operators with matrix symbols to be compact. We also give a characterization 
of essentially normal block Toeplitz operators. 

Theorem 11. Let F and G be in L^ xn . Let F* = (f 1: ■ ■ ■ , f n ) and G = (gi, ■ ■ ■ ,g n ). 
The following are equivalent. 

(1) T FG — T F T G {= H F ,H G ) is compact. 

(2) Utj n {Ae{MnXn)u RePn} H°° [(R -A)fi, A* 9j ] cH°° + C. 
(3) 

Ijm ||[|(F + r-(F + r(,)| 2 (^^[| G __ G _ W | 2W] i/ 2 || = o. 

|z|->l 

Proof. (1)^=^(2). Let F = (fij) nxn and G = (gij) nxn . Note that T FG -T F T G is compact 
if and only if each entry of 

k 

is compact. By Theorem 10, this is equivalent to 

Uij n^(« m)ll Re Pn} H°° [(R — A)fi, A*g,} CH°° + C. 
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(1)<S=>- (3). (1)=^(3) is proved in Theorem 3. We are going to prove that (3)=^(1). 
By Lemma 2, 

tr(\(F + y-(F + y(z)\\z))(\G_-G_(z)\\z)) = 
trace[H* F ,H G -TlH* F ,H G T^[H* F ,H G -T* z H* F ,H G n z }. 
Thus by Lemma 1, (3) implies that 



for all By Theorem 10, we have that ^2 k Hj-H gkj are compact for all Hence 
H* F *H G is compact. Therefore T FG — T F T G is compact. The proof is complete. ■ 

Next we characterize when the commutator T F T G — T G T F is compact. To do this, 
recall that 

T, rri rri rri rri rri rri , rri rri rri , rri 

fJ-g — J-g-lf — J-fJ-g — J-fg + J-gf — J-g 1 f + ^ (fg-gf) 

= — {H* F ,H G — H Gt H F ) +T( FG _ GF ). 

Therefore by the Douglas theorem [7] , T F T G — T G T F is compact if and only if FG = GF 
and H F *H G — H G *H F is compact. But if we let 



then 



B 



H* B * H c = 



F —G 


, c = 


' G 


" 





F 






H F * H G — Hq* H F 




Therefore, T F T G — T G T F is compact if and only if FG = GF and H B *H G is compact. 
Note that \{B + )* - (B + )*(z)\ 2 (z) and |C_ - C-{z)\ 2 (z) can be computed as in (4) and 
(5). The following result now follows immediately from Theorem 11. 



Theorem 12. Let F and G be in L™ xn . Let 



-G* 



(/l) j fn)i 



G 
F 



= (#!>••• ,9n)- 



The following are equivalent. 

(1) T F T G — T G T F is compact. 

(2) FG = GF and U id n {Ae(MnXn)l , RePn} H°°[(R- A)f\, A* 9j \ cH°° + C. 

(3) FG = GF and 



lim I 



\(F + Y-(F + Y(znz) -(((F + y-(F + y(z))(G + -G + (z)))(z) 
-(((G + Y - (G + y(z))(F + -F + (z)))(z) \(G + y - {G + y{z)\\z) 



\G--G-{z)\ 2 {z) 



((F_-F_(z))((G-y-(G-y(z)))(z) 



{(G--G-(z))((F.y-(F.y(z)))(z) 
\F--F-(z)\*(z) 



1/2 



0. 
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An operator A is said to be essentially normal if A*A — AA* is compact. By taking 
G = F*, we immediately get the following characterization of essentially normal block 
Toeplitz operators. 



Corollary 13. Let F be in L 



00 Let 



{fli i fn)i 



F 



(#!,••• ,9n)- 



The following are equivalent. 

(1) T F is essentially normal. 

(2) FF 

(3) FF 



F*F and U^n {Ae(MnXn)li Re p n} H°°[(R-A)f i ,A*g j ]cH°° + C. 



lim 



K = F*F and 

\(F + y-(F + Y(z)\*(z) 
-(((F + y-(F + )*(z))((F_y-(F_nz))(z) 



-{{F_-F_{z)){F + -F + {z)){z) 
\F_-F_{z)\\z) 



1/2 



x 



\{F + y-{F + y{z)\\ z ) 
(((F + y-(F + y(z))((F_y-(F_y(z))(z) 



{(F.-F.{z))(F + -F + (z)){z) 
\F--F.(z)\*(z) 



1/2 



0. 



For the scalar symbols there were several other sufficient conditions for the product 
of two Toeplitz operators to be a compact perturbation of a Toeplitz operator. To state 
those conditions we need some notations. The fiber M\ of M(L°°) above the point 
A is the set {r e M(L°°) : z{t) = A}. We recall that a subset of M(L°°) is called an 
antisymmetric set if any real- valued function in H°° + C is constant on the set. 

One of the following conditions implies the compactness of the semi-commutator 
T-^T^ — T-^p of Toeplitz operators with scalar symbols and ip. 

(1) Either or ip is in C(dD) [5]. 

(2) (f) and ip are piecewise continuous and have no common discontinuities [10] 

(3) Either or ip is in H°° on each fiber M z for z on the circle [13]. 

(4) Either is in H°° or ip is in H°° on each set of maximal antisymmetry of H°° + C 

[li- 
lt was shown in [2] that H 00 [0] f| H°° [rjj\ C H°° + C is equivalent to 

(5) Either or -0 is in H°° on each support set. 

Next we will show some sufficient conditions for the compactness of the semi-commutator 
T F T G — T FG of Toeplitz operators with matrix symbols F and G. Those conditions are 
analogous to the above conditions of the scalar case. Some of them are well known ([7], 
[9])- 

Corollary 14. Let F and G be in L™ xn . Then one of the following conditions is a 
sufficient condition for TpT G — Tp G to be compact: 

(1) Either F* or G is inC nxn (dD). 

(2) F* and G are piecewise continuous and have no common discontinuities. 

(3) Either F* or G is in H^ xn on each fiber M z for z on the circle. 
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(4) Either F* or G is in H n x xn on each maximal antisymmetric set of H°° + C . 

(5) Either F* or G is in H n x xn on each support set. 

(6) H™ n [F*]nH™ n [G](lH™ n + C nxn (dD), where H™ n [G] denotes the subalgebra of 
L nxn generated by H™ n and G. 

Proof. Notice that Conditions (1) to (6) in the corollary are ordered by weakness. So it 
is sufficient to show that Condition (6) is stronger than Condition (2) in Theorem 11. 
Since H™ xn [G] denotes the subalgebra of L^ xn generated by H n x xn and G, we observe 
that 

H™ xn [G\ = (H°°\gii, ■ ■ ■ , gi n , ■ • • , g n i, ■ ■ ■ , g nn ])nxn- 
Hence Condition (6) is equivalent to 

H°°[f u, • ■ • , fin, • • • , fnl, ■ ■ ■ , fnn\^H°°[gii, ■ ■ ■ , gi n , ■ ■ ■ , g n i, ■ ■ ■ , g n n\ C H°° + C . 

Let F* = (fi, ■ ■ ■ , f n ) and G = (gi, ■ ■ ■ , g n ). It is easy to see that 

^i,j^{Ae(M nXn ) u Re p n }H 00 [(R-A)f i ,A*g j ] 

But for all we have 

H^MnH^g,] 

C H°°[fii, ■ ■ ■ , fin, ■ ■ ■ , f n i, ■ ■ ■ , fnn] H [<7n , • • • , g>i n , • • • , g n i, • • • , g nn \ 

Hence 

U M n {A€(Mnxn)u RePn} H°°[(R -A)ft, A*gf\ CH^ + C. 
So by Theorem 11, T F T G — T FG is compact. This completes the proof. ■ 
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